CONFORMAL GEODESICS*

BY
AARON' FIALKOW

1. Introduction. The totality of extremals in a Riemann space V,} con-
nected with a calculus of variations problem of the form

(1.1) sdeis=o,

where F is a point function and ds is the element of length of V,, constitutes
an important family of «2(»=D curves. Consider, for example, a conservative
dynamical system for which neither the constraints nor the work function W
involve the time. By the principle of least action the dynamical trajectories
of a particle are the extremals of (1.1) with F = [2m(c+W)]"? where m and ¢
are the mass of the particle and the energy constant, respectively. Again, if »
is the index of refraction of an isotropic nonhomogeneous medium, the paths
of light through this medium are the solutions of (1.1) with F=v in accord-
ance with Fermat’s principle. Finally, let V, and V, be two conformal Rie-
mann spaces so that d5=e°ds. Then the images of the geodesics of V,in V,
are the extremals of (1.1) where F=e¢°.1
As we are interested primarily in the last interpretation, following
Schouten,§ we call any family of « 2(»=D curves which is a solution of (1.1)
a family of conformal geodesics. Of course, by a change of language, the theo-
rems obtained have equal validity for the dynamical, optical, and other inter-
pretations. The following topics are discussed and the corresponding ques-
tions answered in this paper:
I. A complete geometric characterization of the conformal geodesics of
any Riemann space.
II. Additional special properties characteristic of conformal geodesics
which are the images of the geodesics of a particular Riemann space (flat
space, space of constant curvature, Einstein space).

* Presented to the Society, February 26, 1938; received by the editors June 15, 1938.

t We denote an n-dimensional Riemann space, Einstein space, and space of constant curvature
by Va, En, and S», respectively.

1 These and other interpretations are discussed by E. Kasner, Natural families of trajectories:
conservative fields of force, these Transactions, vol. 10 (1909), pp. 201-203. Also cf. L. P. Eisenhart,
Continuous Groups of Transformations, 1933, pp. 277-280.

§ J. A. Schouten, Uber die Umkehrung eines Satzes von Lipschitz, Nieuw Archief voor Wiskunde,
vol. 15 (1928), pp. 97-102.
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III. Some relations between the conformal geodesics of a Riemann space
and of its subspaces.

IV. Some special geometric problems.

Other questions concerning conformal geodesics and other extremals (the
theorems of Lipschitz, Thomson and Tait, Kneser, and their converses) have
been investigated by Kasner, Lipke, Schouten, Blaschke, Douglas, LaPaz,
and Radd.* The first of the above topics was previously considered from the
standpoint of dynamics and a solution obtained by Kasnerf for the case of
a euclidean space and by Lipke} for a Riemann space whose first fundamental
form is positive definite. The characterization which they obtained is stated
under more general conditions in Theorem 2.1 (or 2.2) and Theorem 3.2. The
method which is used in the present paper differs from that hitherto em-
ployed.

The geometry of conformal geodesics is closely related to the more gen-
eral investigation of the geometric properties of any curves or subspaces of V,
and V., respectively, which correspond under the given conformal transfor-
mation. Somewhat similar studies of some phases of this problem have re-
cently been made by a number of writers.§

I. GEOMETRIC CHARACTERIZATION

2. Property one: the principal normal. Let V, and V, be two conformal #-
dimensional Riemann spaces whose first fundamental forms are||

(2.1) ds? = gidxidx?,
2.2) ds? = gdx'dzi,
respectively, so that

(2.3) ds = e%ds.

* For references to all of these writers cf. Ls LaPaz and T. Radé, On a converse of Kneser’s trans-
versality theorem, Annals of Mathematics, (2), vol. 36 (1935), pp. 749-769.

t E. Kasner, loc. cit., pp. 201-219.

t J. Lipke, Natural families of curves in a general curved space of n dimensions, these Transactions,
vol. 13 (1912), pp. 77-95.

§ S. Sasaki, Some theorems on conformal transformations of Riemannian spaces, Proceedings of the
Physico-Mathematical Society of Japan, IIIs, vol. 18 (1936), pp. 572-578, and V. Modesitt, Some
singular properties of conformal transformations between Riemann spaces, American Journal of Mathe-
matics, vol. 60 (1938), pp. 325-336. Also see an abstract by the author entitled Conformal transforma-
tions and the subspaces of a Riemann space, Bulletin of the American Mathematical Society, abstract
43-9-328.

|| Throughout this paper except where otherwise stated Latin indices have the range 1,2, - - - , .
An index which appears twice in an expression is to be summed over the appropriate range unless the
index appears in parentheses. A free index in a tensor equation assumes each value of its range.
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It is assumed that these forms are not singular although they may be indefi-
nite. We choose coordinate systems {#‘} and {#¢} so that the conformal cor-
respondence becomes #‘=x"*. In these coordinate systems

(2.4 Bii = gy, B = e,

where gi/ and g% are the contravariant components of the metric tensors. If
the Christoffel symbols of the second kind for V, and V, are written {&|3j}
and {k|4j}, respectively, it follows from (2.4) that*

2.5) (k] ij} = (]| if} + 6b.; + 8540, — giig*™0,m.

Let C be a curve in V,, and C its image in V,. If the unit tangents to C
and C at corresponding points are denoted by £ and ¢ and the principal
normals by uf and g’ it is an easy consequence of (2.4) and (2.5) that

(2.6) z" = e""Ei’
2.7 B = e[t — eom(gim — kM),

where ¢is +1 or —1, being determined by e =g,;£%¢7.
Since a¢=0 for the geodesics of V,, the characteristic equation of a family
of conformal geodesics in V, is, according to (2.7),

(2.8) B = eo,m(gi™ — eE%™).

In the derivation of this equation and throughout the paper we exclude those
conformal geodesics which are tangent to null vectors. Now gi™—e£it™ is the
projection tensort for the vector space normal to £¢. Hence we have as a re-
sult of (2.8) the following theorem:

THEOREM 2.1. The principal normal of any curve of a family of conformal
geodesics passing through a common point in a non-null direction is, except for
sign, the projection normal to this direction of a fixed vector; the sign is deter-
mined by the character of the tangent to the curve.

This is the first characteristic property of conformal geodesics. Of course
the fixed vector is the gradient o ;. As a consequence of Theorem 2.1, we have
the following equivalent theorem:

THEOREM 2.2. If the curves of a family of conformal geodesics which pass
through a common point of V . are projected orthogonally upon the tangent flat S,
at that point, the centers of curvature of the « =1 projections at the common point

* The comma denotes covariant differentiation with respect to the #’s and the form (2.1), and
the ;% are the Kronecker deltas. _
t Duschek-Mayer, Lehrbuch der Differentialgeometrie, vol. 2, 1930, pp. 44-45.
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will lie on a flat S.—.1 orthogonal to the fixed vector of Theorem 2.1, and the o »!
osculating circles of the projections will have a second point in common.

The proof is immediate. For the principal normals of the conformal geo-
desics in V, are identical with the principal normals of their orthogonal pro-
jections in the flat S,. From Theorem 2.1, it follows that the end points of the
principal normals of the projections lie on a spherical S, whose diameter is
the length of the gradient ¢ ;. By inversion, it is seen that the centers of curva-
ture lie on a hyperplane of S, normal to the direction of ¢ ;. According to
(2.8), the linear vector space determined by the tangent and principal normal
of any curve of (2.8) contains g¢”o, .. This proves the next theorem:

THEOREM 2.3. The osculating geodesic surfaces of the curves of a family of
conformal geodesics which pass through a common point form a bundle of sur-
faces; they all contain the fixed vector of Theorem 2.1.

If we omit the condition that the fixed vector of Theorem 2.1 be a gradi-
ent, it follows easily that Theorem 2.1 is the characteristic property of all
families of curves whose equations are of the form

(2.9) pi=erm(gi™ — ek%™),

where 7, is an arbitrary vector. The solutions of (2.9) have been called velocity
systems because of their connection with motion in fields of force. A geometric
definition of velocity systems is possible. For consider the Weyl geometry*
whose coefficients of connection T'y, are

T = {i] j&} + 8:7s + birs — gikg‘mfm-

Then if the points in this Weyl space and V, which have the same coordinates
correspond, it follows easily that the velocity system (2.9) consists of the
images in V, of the paths of this Weyl geometry. It is clear that Theorems
2.1, 2.2, and 2.3 hold for all velocity systems.

3. Property two: hyperosculating geodesic circles. Velocity systems are
characterized by Theorem 2.1. It remains to distinguish geometrically the
families of conformal geodesics among the totality of velocity systems. For
this purpose, we shall consider the osculating geodesic circles of the curves.

Let C be a curve in V,, and denote the unit tangent, and unit normals of
orders1,2, - - - ,#—1, and the first, second, - - - , (n—1)st curvatures of C by
wmét and o @& - -, mE,and ky, ke, - - -, kaoa, respectively. A geodesic

* Such geometries were proposed by Weyl as the basis of a combined theory of gravitation and
electro-dynamics. Cf. H. Weyl, Space, Time, Matter, English translation, 1921, pp. 125, 296, and
L. P. Eisenhart, Non-Riemannian Geometry, American Mathematical Society Colloquium Publica-
tions, vol. 8, New York, 1927, pp. 81-82.
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circle of V, is defined as a curve whose first curvature in V, is constant and
whose second curvature is identically zero. The geodesic circle which is tan-
gent to C and has the same first curvature as C at the point of tangency is
called the osculating geodesic circle of C at the point.* It follows from a funda-
mental existence theorem of differential equations that every curve for which
&', »ff and k; exist at a point has a unique osculating geodesic circle at

that point.{
The Frenet equations of C are
b m)si . .

3.1) (bs = — tm-1km-1 (m-1E + €mp1km minE,

) m=1,2,---,n—1; k=0,
where
(3.2) em = gij mE" (k!
and
3.3) gii mE mE =0, m# k,

and where d/bs denotes covariant differentiation with respect to arc length
along C so that
DA AN oA d\

+ {i| jEIN g Feair {71 ik}N; tr.

bs ds

The geodesic circle of C will have higher than second order contact; that is,
it will hyperosculate C if and only if the values of dx?/bs, d2xi/ds?, and
p3x¢/bs® are the same at the point of tangency. Since dxi/bs = )&%, the Frenet
equations (3.1) show that these conditions are equivalent to}

dk,y
3.4) — =0, ks =0
ds

at the point of contact.
Since £i= &', e=e1, and ui=ek; i, it follows from (2.9), (3.2), and

* Lipke defines the osculating geodesic circle of C at a point as the curve of constant geodesic
curvature which lies in the osculating geodesic V; of C at the point and agrees with C in curvature
and direction at the point. The results of §3 are valid for either definition of the osculating circle,
but in later sections our present definition, based on the Frenet equations of a curve in V, rather
than in V;, is more advantageous.

t Cf. Duschek-Mayer, loc. cit., pp. 62-64, for this theorem and the subsequent use of the Frenet
equations. If %, is identically zero on a curve, it is to be understood in (3.1) that kpy1= -« « =kn1=0
and that &, « « -, m&* are any vectors which satisfy (3.2) and (3.3).

} If n=2, the second of these equations should be omitted. Similar deletions are to be understood
in equations (3.5) and (3.6).
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(3.3) that for any velocity system
(3.5) 7 @& = e1ky, Ti mE =0, r>2.

If we differentiate (3.5) covariantly with respect to s and use (3.1) and (3.5),
we find

L dky
(Toi —77) @F @E = e1—>
ds
(3.6) L
(Ti.i — 7)) ®E @E = ereskiks,
(T6,; — 777 aent & =0, r>2,

since bri/bs =7i,; @&,

According to (3.4) and (3.6), the directions ()&% at a fixed point in which
velocity curves are hyperosculated by their osculating geodesic circles are
given by

3.7 Tii w8 =0, s>1,
where
3.8) Tii = Ti,j — TiTj.

The tensor 7;; is symmetric when and only when 7, is a gradient o,;. We call
the directions in which hyperosculation occurs the H-directions of the velocity
system. If we write exp1=7i; &' ¢/, it follows from (3.2), (3.3), and (3.7)
that

3.9 (Tii — p1gii) mE E = 0.
Since the vectors () £¢ are independent,
(rii — prgis) & =0,

so that p; is a root of the determinant equation |7:;—pgi;| =0, and )&% is a
principal direction determined by 7;;. In general there are » distinct principal
directions. This proves the following theorem:

TrEOREM 3.1. The H-directions of any velocity system are identical with the
principal directions determined by the tensor (3.8) which are not tangent to null
vectors. The velocity system is a family of conformal geodesics if and only if this
tensor is symmetric.

If 7;; is a symmetric tensor and none of the corresponding principal direc-
tions are null vectors (as is always the case if (2.1) is definite), it follows from
the known theory* that there exist » mutually orthogonal non-null principal

* L. P. Eisenhart, Riemannian Geometry, 1926, pp. 107-112.
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directions. Conversely, let (,A* be # principal directions determined by 7;
such that gi; (A @M =01f p>#q. Then7;; (A (N =0, (p ;ﬁq) Any two arbi-
trary vectors af, B¢ may be written as

n n
af = D a M, Bi = 27 be )\,

ta=1 t=1

where a; and b, are constants so that

n
Tijatfl = Z abitii (N (N = 7B
t=1
Hence 7;; is a symmetric tensor so that 7, =¢ ;. This completes the character-
ization of conformal geodesics stated in the next theorem:

THEOREM 3.2. A family of conformal geodesics in a V , whose first fundamen-
tal form is definite admits an orthogonal ennuple of H-directions at each point.
Conversely, if a velocity system in any V . admits n mutually orthogonal H-direc-
tions at each point, it is a family of conformal geodesics.

4. The H-directions. We consider the H-directions of a family of confor-
mal geodesics in greater detail. If the conformal correspondence between V,
and V, is given by (2.3), in accordance with Theorem 3.1, the H-directions
of the images in V, of the geodesics of ¥, coincide with the non-null principal
directions determined by the tensor

“4.1) 0ij = 0,ij — 0,i0,].

The H-directions of the images in V, of the geodesics of V, are similarly de-
termined by the tensor*

4.2) gi; = (= 0)iij — (= 0)u(— 0).s.
It follows readily from (2.5), (4.1), and (4.2) that
4.3) gij = — oij — Aogij,
where Ao =g¥o 0,;.

Now (4.3) is an equation of the formf

“.4) vii = 2 @ ayvii + bgis,

k==l

where the (v;; and »;; are symmetric tensors of the second order and the a;

* The semicolon here denotes covariant differentiation with respect to the #’s and the form (2.2).
1 Here (k) denotes the tensor and #j the components.
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and b are scalars. If A% is a common principal direction in V, determined by
each of the (,»;, quantities p, exist such that

(4.5) (wyvii — prgid) N = 0, E=1,2,-++,m.

It follows from (4.4) and (4.5) that (v;j—pg:;)A\*=0, where p=> 1 a,p,+b,
so that \¢ is also a principal direction determined by »;;. A

This result shows that the principal directions in V, determined by o.;
and @;; coincide. Furthermore, according to (2.4), the principal directions de-
termined by any tensor in V, and the tensor having the same components
in V,.correspond. Hence the H-directions in V, and V., correspond by means
of the conformal transformation. Since the H-directions in V, and V., are
conformally equivalent, the mapping determines a unique set of H-directions.
We call these H-directions the H-directions of the conformal transformation
(2.3).

If Ri:jx and Riijx are the Riemann curvature tensors of V, and V., it fol-
lows from (2.5) by straightforward calculation* that

€ 2 Ruijk = Ruijr + gniosi + giionk — grioir — LirOhj

(4.6)
+ (gnrgi; — grigix)Aro.

By means of (2.4) and (4.6), we find
(4.7) (n — 2)a:; = Rij — Rij — gii[Be0 + (n — 2)Aso],

where R;; and R;; are the Ricci tensors of V, and V., respectively, and
Ao =g ;;. Thus, if #>2, the H-directions of the conformal transformation
are the non-null principal directions determined by R:;— R.;. We state these
results in the following theorem:

THEOREM 4.1. Let V,.and V. be two conformal Riemann spaces. Then the
H-directions of the images in V , of the geodesics of V. and of the images in V,
of the geodesics of V. correspond under the mapping. If n>2, these H-directions
coincide with the principal directions determined by R.;— R.; which are not tan-
gent to null vectors.

Since (4.7) is of the form (4.4), we conclude that if »>2 a principal direc-
tion determined by two of the tensors o;j, Rij, R.;jis also determined by the
third. This proves the next theorem:

THEOREM 4.2. Let V, and V, be two conformal Riemann spaces of dimen-
sionality n>2. Then by the mapping of V. on V., a non-null Ricci principal
direction of V., corresponds to a Ricci principal direction of V. if and only if it
is an H-direction of the conformal transformation.

* For example, cf. Eisenhart, loc. cit., pp. 89-90.
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II. PARTICULAR RIEMANN SPACES

5. Conjugate conformal geodesics at a point. Let \¢ be any unit vector at
a point P of V, which is not tangent to o ;. Then there exists a unique unit
vector* N’¢in the linear vector space at P determined by A and ¢ ; such that

g,','k")\’i = 0.

Let C and C’ be the curves belonging to a family of conformal geodesics which
are tangent to A% and ¥, respectively. Then C’ is called the conjugate con-
formal geodesic of C at P. If No ;0, it is clear that this relationship is re-
ciprocal, so that we may speak of C and C’ as conjugate conformal geodesics.
If Mo ;=0, the conjugate conformal geodesic of C’ is not defined.

According to Theorem 2.1, if AMg ;>0, the unit first normals of C and C’
at P are N'¥ and N4, respectively. Hence conjugate conformal geodesics have
the same osculating geodesic surface. From (3.5), we have at P

(5.1) o\ = ek, o\ =k,

where k and %’ are the first curvatures of C and C’, respectively, and
(5.2) e = giNN, e = giNNi,

If (2.8) is multiplied by ¢,; and summed for 7, it follows from (5.1) that
(5.3) ek’ + 'k? = Ao

If C is any conformal geodesic orthogonal to ¢ ; at P, the equation corre-
sponding to (5.3) is

(5.4) eck12 = Alﬂ',

where %, is the first curvature of C and where ¢, is +1 or —1 according as
Ayo is positive or negative. If Ajo=0, £, =0.

As P moves along C, we obtain by covariant differentiation of (5.1) with
respect to s, after using (3.1), (3.5), (5.3), and (5.4), that

. . dk
(5.5) Ggfx,ik’. =€
ds
ar’
(5.6) Uﬁj)\‘)\i =¢ — — ee. ki )
ds

where o;; is defined by (4.1). Since o;; is a symmetric tensor, if N ;0 it
follows from (5.5) that edk/ds=e’dk’/ds’, where s’ denotes the arc length

* An exception occurs only if M ;=0 and A;e=0. In this case, A’¢ is tangent to ¢, and is a null
vector.
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of C'. If =2, it can be shown that this last equation is equivalent to the
second characteristic property of conformal geodesics.

6. Conformal images of the geodesics of an S, or E,. The geometric char-
acterization of any family of conformal geodesics in V', is derived in §§2 and 3.
If these curves are the images of the geodesics of a space of constant curva-
ture or an Einstein space, they will enjoy additional special properties which
are obtained below. Let (yA? and (g\* be any two unit vectors in V, at a
point P neither of which is tangent to ;. We denote by C, and Cg the con-
formal geodesics tangent to these vectors and by C/ and C4 the correspond-
ing conjugate conformal geodesics.

According to (2.6) and (4.6),

(6.1) €2Fag = Topg — €50ik BN BN — €aOhi (M (N — Ayo,

where 7.5 and #.s are the Riemannian curvatures at P of V, and V,, respec-
tively, for the orientation determined by )A* and A% and the €’s are de-
fined in a manner analogous to (5.2). It follows from (5.4), (5.6), and (6.1)
that

, dkd dkd

6.2) €2 g = Vo — €ala — eged
Sa dsg

+ evkd2 b

where £/ and k¢ are the first curvatures of C/ and C4§ and where s, and s
are the arc lengths of C. and Cg, respectively.

If V, is a space of constant curvature Ko, the right-hand member of (6.2)
does not depend upon the orientation determined by )A* and gA* butis a
scalar function in V,. The algebraic sign of this function is constant and
agrees with that of K,. Conversely if the right-hand member of (6.2) is a
scalar function, it follows from (6.2) that V, has the same Riemann curvature
for every orientation at P. By Schur’s theorem the curvature of V, is a con-
stant K,. The sign of K, is determined by the scalar function. Since by a
magnification two spaces of constant positive (or negative) may be mapped
on each other so that their geodesics correspond, the precise value of K, must
be indeterminate. We state these results in the following theorem:

THEOREM 6.1. The necessary and sufficient condition that a family of con-
formal geodesics in V., be the images of the geodesics of an S, is that

, dkd , dkd
Taf — €afa — egeg + e k?
dsq dsg

be a point function in V,. The S, has positive, zero, or negative Riemann curva-
ture according as this function is greater than, equal to, or less than zero.
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According to (2.6) and (4.7),
(6.3) a(n — 2)0ij @M @M = €Yo — Ya — Dgg — (n — 2)Ay0,

where v, and 7. are the Ricci or mean curvatures for the direction (yAiof V,
and V,, respectively. It follows from (5.6) and (6.3) that

dkd
(6.4) (n— 2)eqed e + va = (n — 2)ekE + €Yo — Age — (n — 2)As0.

If V., (n>2),is an Einstein space, 7. is a constant. Hence the left-hand mem-
ber of (6.4) is a scalar. The converse is also true. This proves the next theo-
rem:

THEOREM 6.2. The necessary and sufficient condition that a family of con-
formal geodesics in a V , of dimensionality n>2 be the images of the geodesics of
an E, is that

dkd
d 4+ Ya

Sa

(n — 2)eqsed

be a point function in V.

In addition to this characteristic property, we easily obtain further neces-
sary properties of the conformal images of the geodesics of an Einstein space.

THEOREM 6.3. If a family of conformal geodesics in a V, of dimensionality
n>2 are the images of the geodesics of an E.,, the H-directions of the family coin-
cide with the principal Ricci directions of V. which are not tangent to null vectors.

This is an immediate consequence of (2.4) and Theorem 4.1. For V,is an
Einstein space if and only if

(6.5) R;; = agij,
where a is a constant.

THEOREM 6.4. Let E, and E, be conformal Einstein spaces of dimensional-
ity n>2. Then the conformal images in E, of the geodesics of E, as well as the
images in E, of the geodesics of E, are geodesic circles.

It has been shown by Brinkmann* that a large class of Einstein spaces
exist which are conformal to Einstein spaces. The above theorem applies to
these spaces. The proof of the theorem follows. By definition of E,,

(6.6) Ri; = bgij,

* H. W. Brinkmann, Einstein spaces which are mapped conformally on each other, Mathematische
Annalen, vol. 94 (1925), pp. 119-145.
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where b is a constant. It follows from (2.4), (4.7), (6.5), and (6.6) that

0ij = Pgiiy
where ¢ is a scalar. Hence every direction is an H-direction so that, as fol-
lows from (3.4), dki/ds=0, k;=0 for each conformal geodesic. This proves

Theorem 6.4. According to Theorem 4.1, the conformal geodesics of V, and
V., (n>2), will be geodesic circles if and only if the mapping is such that

Rij — Rij = y¥gij,

where ¢ is a scalar function.

7. Conformal geodesics in an S,. The geometric property of conformal
geodesics in a V, stated in Theorem 2.2 is not intrinsic since it depends upon
the tangent flat S.. The only exception arises when V, is itself a flat space.
In this case, Theorem 2.2 becomes: The centers of curvature of the curves of
a family of conformal geodesics which pass through a common point lie on
a flat S,_; orthogonal to the direction of ¢ ;. In what follows, we show that
the spaces of constant curvature enjoy an analogous property. The results
apply without modification to all velocity systems.

We begin by generalizing the notion of center of curvature to apply to a
curve Cin V,. Let V, be the osculating geodesic surface of C at P, and let C"’
be any curve in V, which at P has the same tangent and principal normal*
as C. The limiting first point of intersection (when it exists) of the geodesics
of V;normal to C’’ at P and at a nearby point Q as Q approaches P is called
the center of curvature of C in V, at the point P. From the viewpoint of the
calculus of variations, the center of curvature of C is the focal point of C’
on the geodesic normal to C’’ at P.{ Since the focal point depends only on
the first curvature of C’’ at P, if it exists it is uniquely determined by C.

In accordance with Theorem 2.3, the osculating geodesic surfaces of the
curves of a family of conformal geodesics {C} which pass through a common
point P all contain the gradient ¢ ;. This means that a geodesic surface V,
at P osculates «! conformal geodesics passing through P. The locus of the
centers of curvature in V, of these conformal geodesics is, in general, a curve
in V.. In what follows, we prove the following theorem:

THEOREM 7.1. Let {C} be any family of conformal geodesics in a V , whose
Jirst fundamental form is positive definite. Then the locus of the centers of curva-

* Since V, is geodesic at P, C’’ has the same first curvature at P when considered as a curve in
Vaor V.

t O. Bolza, Vorlesungen diber Variationsrechnung, 1909, p. 323, and M. Morse, The Calculus of
Variations in the Large, American Mathematical Society Colloquium Publications, vol. 18, New
York, 1934, pp. 51-55.
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ture in V., (if they exist) of the w curves of {C} which pass through a common
point osculating the same geodesic surface Vs, at that point is a geodesic of V if
and only if Vi is an S,.

The existence of the center of curvature of a curve in .S, is discussed later.
If we use the geodesic polar coordinates with center at P, the first funda-
mental form of V; is

(7.1) ds? = dr* + G(r, 6)do?,
where
3(G(0, 9))2
(1.2) G(0, )2 = 0, —(—(OL =1
14

Now the center of .curvature in V, of a curve osculating V; at P depends only
on its direction and first curvature &, at P. If (r, 6) are the coordinates of the
center of curvature, it follows that

(7.3) ky = f(r, 6).

The function f(r, 6) is completely determined by the surface V,. Indeed, it
may be shown by the methods of the calculus of variations that

7.4 fr,0) = _fc(f,ro)’ l,iff,’[fc;(f,ro) +{|=0

This relation is not used in the present proof.
According to (3.5), the first curvatures of the «! curves of {C} osculating
V. at P obey an equation of the form

(7.5) k1 = asin (6 + b),

where a and b are constants which depend upon the particular family {C}
and the point P.* From (7.3) and (7.5), the locus of the centers of curvature
of the «! conformal geodesics is

(7.6) f(r,6) = asin (0 + b).

By hypothesis this locus is a geodesic of V, for every value of a and b. Differ-
entiating (7.6), we find that the curves (7.6) are the solutions of

@ fou (AN 2or(dr\ | foot [
7.7 ﬁ*’?(io)J”f, (7o>+ FA

But (7.6) must also satisfy the differential equation for the geodesics of V,:

* Indeed, for the family {C} associated with the conformal mapping (2.3), a=(A10)"? and b is
chosen so that the vector o,; is tangent to 6= —b.
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dr G,fdr\* Gy [dr G,
- GOy Gy G

de* G \df 2G 2
It follows from (7.7) and (7.8) that each curve (7.6) will be a geodesic if and
only if

rr 2 r G'
(7.9) _f_+_ 0, fo+_= 0, Soo + f
G fr 2G
A little calculation shows that the solution of (7.2) and (7.9) is (7.4) and
one of the following equations:

1 1
(7.10) G(r,0) = - sin? ¢r, G(r, 6) = 2, G(r,0) = vy sinh? cr.
c c

Since the Gaussian curvature of V; is equal to — (G'/?),,/G'%, it follows from
(7.10) that V, is a surface of constant curvature c?, 0, or —c?, respectively.
This completes the proof.

If V,.isan S,, it follows easily from (7.4), (7.5), and (7.10) that the locus of
centers of curvature in any geodesic S; is*

1
(7.11) ¢ cot cr = (A10)/2sin 0, — = (A10)'/2 sin 0, ¢ coth ¢r = (Ay0)'/2 sin 6,
r

according as S, has Riemann curvature c%, 0, or —c?, respectively. Hence the
locus always exists in an .S, of positive or zero curvature and exists in an S,
of negative Riemann curvature —¢?if and only if Ao sin? 6 >¢2.

In an S,, every geodesic V, is a totally geodesic S,. Therefore, the locus
of the centers of curvature in any S, of the appropriate curves passing through
P of a family of conformal geodesics {C} is a geodesic of S,. This geodesic is
easily shown to be orthogonal to the geodesic of S, which is tangent to o,;
at P. Furthermore, the point at which the two geodesics intersect orthogo-
nally does not depend upon the particular osculating geodesic surface at P.
Hence the totality of geodesics in S, which are the loci associated with the
family {C} lie on a totally geodesic S,—; orthogonal to the geodesic which
is tangent to ¢,;. We state this result in the following theorem:

THEOREM 7.2. Let {C} be a family of conformal geodesics in an S, whose
first fundamental form is positive definite. Then the centers of curvature in S,
(3f they exist) of the curves of {C} which pass through a common point lie on a
totally geodesic Sn.—1 orthogonal to the geodesic through the point which is tangent
to the fixed vector of Theorem 2.1.

* The direction of the gradient o ¢ is §=0.
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ITI. SuBspAcESs oF V,,

8. Conformal geodesics in subspaces of V,. The conformal transforma-
tion (2.3) induces a conformal mapping of the respective subspaces of V,
and V, upon each other. If V, and V,, (1<p <), are two such conformal
subspaces, the images of the geodesics of V, in V, are conformal geodesics
of V, and therefore enjoy the properties of conformal geodesics derived in
the previous sections. We now consider the additional relationships which
exist between the families of conformal geodesics of V, and of its subspaces
which are the conformal images of the geodesics of V, and its respective sub-
spaces under the transformation (2.3). We refer to these conformal geodesics
of V, and of its subspaces as corresponding families of conformal geodesics.
Any one such family is said to correspond to the transformation (2.3). It is
clear that if a family of conformal geodesics of V., is given, then the conformal
transformation is determined except for a magnification. Hence all the corre-
sponding families of conformal geodesics in the subspaces of V, are uniquely.
determined by the given conformal geodesics of V,.

The equations of the imbedding of a V, in V, are* xi=xi(y=). If the first
fundamental form of V, is (2.1), the corresponding form of V, is

8.1) ds? = hapdy=dyP,
wheref
8.2) hag = giixfax.iﬁ-

If {= is a unit vector in V,, the principal normal p? of the conformal geodesic
of V, tangent to {*is given by (2.8), where £¢ are the components in the x’s
of ¢=so that

(8.3) £ = o
The principal normal »* of the corresponding conformal geodesic of V, tan-
gent to {=is
ve = eo,p(hf — ef(¥),
where o 5 given by
(8.4) 05 = 0mtp

is the projection of ¢ ,; in the tangent vector space of V. If 5 are the compo-
nents of v« in the «’s, i =»ox',, so that

* In this section, the range of the Greek lettersis 1, 2, - - - , p unless otherwise stated.
1 The comma followed by a Greek letter denotes covariant differentiation with respect to the
form (8.1) and the y’s.
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(8.5) 0 = eomipra(h” — er"tD).

It is easy to show from the canonical representation for #*f and gi/ that

af § m im hid 3 m
(8.6) B aars =g — 2 &N o\,
Ta=pi-1
where the (y\* are n—p mutually orthogonal unit normals to ¥, and
e-=gii m\* (N It follows from (2.8), (8.3), (8.5), and (8.6) that*

8.7 7= p = eo,mD, & (mHA™ ().

It is clear that the last expression in (8.7) is the signed projection of o . in
the normal vector space of V,. As an immediate consequence of (8.7), it is
seen that if two V,’s are tangent at a point, the principal normals of their corre-
sponding conformal geodesics which pass through the point in the same direction
are equal.

While the principal normal is thus determined by the tangent vector space
of V,, the H-directions also depend upon the tensors (,)Qas. These tensors are
introduced in the equationsf

<

(8.8) X,a8 = — {‘ljk} xfaxfﬂ + E e (nQap (N

and are used to construct the second fundamental form of V,. According to
Theorem 3.1, the H-directions of the corresponding family of conformal geo-
desics of V, are the non-null principal directions determined by the tensor o.s
where

(8.9) Ouf = 0,08 — 0,a0 8.

By straightforward calculation, we find from (4.1), (8.4), (8.8), and (8.9) that
(8.10) Gop = O'iixfax.iﬂ + e (r))\‘ﬂ.-' g

If £¢is an H-direction at a point P of a family of conformal geodesics of V,,
in accordance with Theorem 3.1,

(8.11) (0:; — pgi)é* = 0,

where ep =0,;£67 and e=g;;£'¢7. For any V, which contains £, the compo-
nents = in the y’s of & satisfy (8.3). We multiply (8.11) by x% and sum the

* This equation may also be obtained directly from Theorem 2.1.
t Eisenhart, loc. cit., p. 160.
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resulting equation for 7. After using (8.2) and (8.3), this equation becomes

U ) a
(0ii%,a%p — phag)t = 0.

Hence ¢ is a principal direction determined by the tensor o;ia'.a’s. Butif V,
is geodesic or umbilical at a point P, it follows from (8.10) that the H-direc-
tions at P of the corresponding family of conformal geodesics of V, are deter-
mined by o;2'.x’s. This discussion proves the following theorem:

THEOREM 8.1. If at a point an H-direction of a family of conformal geo-
desics of V. is tangent to a subspace V, which is geodesic or umbilical at the
point, then this direction is also an H-direction of the corresponding family of

" conformal geodesics of V.

We now suppose p=n—1, and write (8.10) as

(8.12) Oag = O'ij:axfﬁ + e (1)7\‘0',i9aa-

As was shown in the paragraph below (4.3), if £ is a principal direction de-
termined by two of the tensors o4, 0’5, Qag, it is also determined by the
third provided gA's,:#0. But Q.5 determines the directions of the lines of
curvature of V,_;, and, as was shown above, ¢.;x,.2’s determines the H-direc-
tions of the geodesic V,_; which has the same orientation as V,_,. This proves
the next theorem:

THEOREM 8.2. Let V., be a hypersurface of V. which at a point does not
contain the fixed vector of Theorem 2.1. Then if, at this point, a vector is a member
of two of the following sets, it is also a member of the third set:

(1) the tangents of the lines of curvature of V.,

(2) the H-directions of a family of conformal geodesics of V,_,,

(3) the H-directions of the corresponding family of conformal geodesics of
the tangent geodesic V., ..

As a consequence of Theorem 8.1 and Theorem 8.2, we note that en H-di-
rection of a family of conformal geodesics of V., is also an H-direction of the
corresponding family of conformal geodesics of a hypersurface V... with
wAo ;70 if and only if the direction is tangent to a line of curvature of V,_..

Now the corresponding family of conformal geodesics of a hypersurface
o =const. is simply the totality of geodesics of the hypersurface; so the H-
directions of this family are completely indeterminate. It follows from the
statement italicized above that an H-direction of a family of conformal geo-
desics of V. which lies in a hypersurface o = const. with Ao70 is tangent to a
line of curvature of the hypersurface.
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We now consider two hypersurfaces V,_; and VX, which are tangent at a
point P of V,. If their equations of imbedding in V, are xi=xi(y) and
xi=x%i(y%), it follows that at P, dxi/dy= and dx*i/dy= span the same tangent
vector space. Hence we may choose the coordinate directions y= for V,_,
and VX, as mutually tangent at P so that at this point

dxt  Jx*i

8.13 :
(8.13) a9y

Now the tensor a,s for V,_, is given by (8.12), and the corresponding tensor
[ :; fOl' V:_l by

(8. 14) a*..a = a,o,-xf:xfgi+ 8;‘ (UX*‘.O‘_,'Q:p,
where the notation is analogous to that used in (8.12) and refers to V.,X,.

Since at P, g)Ai= y)A\*4, it follows from (8.12), (8.13), and (8.14) that at the
point of contact,

(8.15) Gaf — a:‘g = € (1))\60‘,4(9015 - Qtp)

If Ao =0, it follows that o.s =¢rf,':,. More generally, if two V,’s are tan-
gent at P and contain the gradient ¢ ; at P, the H-directions of the corre-
sponding families of conformal geodesics coincide at this point.

If A io ;>0 and {= denotes a unit vector of V,_; and V¥, at P, we obtain

(8.16) cat’s’ — oo™ = &1 Mo (Rt T — 2t"E).
According to (5.6),

! * a B dk*, *2

a 8 ’ dk ’
(8.17) cagl ¢ = e -E — ee k2, gagl ¢ = ¢ — et k,

ds*

where the notation is analogous to that of (5.6) and refers to the correspond-
ing families of conformal geodesics of V,_; and V% ,. The remarks following
(8.7) show that

(8.18) ke = kg .
Of course
(8.19) Qust™t" = ek, Qe = oK,

where K and K* denote the normal curvatures of V,_, and VX, respectively,
for the direction {=. It follows from (8.16), (8.17), (8.18), and (8.19) thatt

t A similar equation may be obtained for a single V,._1 by using (8.12) instead of (8.15) in the
above derivation.
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dr’ dr*
(8.20) _—
ds ds*

= elee’ (l)xid'i(K - K*).

Hence the difference of normal curvatures for the same direction on two tan-
gent hypersurfaces is expressible in terms of the curvatures of the correspond-
ing conformal geodesics of these hypersurfaces. It also follows from (8.20)

that the expression
(dk’ dk*’) 1
dS dS* (1))\'}1 "

does not depend upon the conformal mapping (2.3) of V, upon V,; that is,
it is invariant for any pair of corresponding families of conformal geodesics.

As an immediate consequence of (8.15) and the remarks below (4.3), we
have the following theorem:

THEOREM 8.3. Let Va1 and VX, be tangent at a point where they do not
contain the fixed vector of Theorem 2.1. Then if, at this point, a vector is a mem-
ber of three of the following sets, it is also a member of the fourth set:

(1) the tangents of the lines of curvature of Vi,

(2) the tangents of the lines of curvature of V£,

(3) the H-directions of a family of conformal geodesics of V.,

(4) the H-directions of the corresponding family of conformal geodesics of
V.

If the difference of the normal curvatures at P of V, and V.,X, for
the same direction is constant as the direction changes, it follows that
Qus= Q¥+ ah.p, where a is a constant. In this case, according to (8.15), the
H-directions for any corresponding families of conformal geodesics in V.
and VX, coincide at P.

A conformal transformation of V, for which

(8.21) oij = ¢gii

has a particularly simple character. As noted in §6, it is only in this case that
the corresponding conformal geodesics of V, are geodesic circles. We investi-
gate the induced conformal transformations of the hypersurfaces of V,. From
(8.2), (8.12), and (8.21),

(8.22) Tag = dhag + €1 1)\, Qap

for any V,_,in V,. Hence if y)Aio,;=0 at a point, every direction is an H-di-
rection of the corresponding conformal geodesics of V,—; at this point. If
@No,;#0, it follows from (8.22) that the non-null tangents to the lines of




462 AARON FIALKOW - [May

curvature of V,_; and the H-directions of the corresponding conformal geo-
desics of V. coincide.

Conversely, suppose the direction of each line of curvature of any V.
in V,is an H-direction of a family of conformal geodesics of V,_, if the direc-
tion is not tangent to a null vector, and suppose that all of these families of
conformal geodesics correspond to the same conformal mapping of V,. Now
it is easy to show* that a V,_, in V, exists which contains an arbitrary point
Pof V, and is such that the lines of curvature of V,_, are tangent to an arbi-
trary ennuple of non-null directions at P. Furthermore, we may choose co-
ordinates y* in the V,_; so that the tangents ', (« constant) to the coordinate
lines are also tangent to the lines of curvature at P. In this coordinate system

g =0, D=0, a = B.

It follows from (8.12) that o;l.x’s =0, (a5p). Since !, and #’5 are arbitrary
orthogonal vectors in V,, the last equation shows that o;;=¢g:;. This proves
the next theorem:

THEOREM 8.4. Let V, be conformal to V., so that the images of the geodesics
of V. are geodesic circles in V,. Then and only then the non-null tangents to
the lines of curvature of any V., in V. are H-directions for the corresponding
family of conformal geodesics in V.

It is easy to see that non-trivial conformal transformations exist for which
(8.21) holds. As noted in §6, the conformal mapping of any two Einstein
spaces of dimensionality #>2 gives rise to an equation of the form (8.21).
We discuss this topic further in §12.

As a consequence of Theorem 6.4 and the remarks following (8.22), we
have the following theorém which may be illustrated by non-trivial examples:

THEOREM 8.5. Let E, and E, be conformal Einstein spaces of dimensionality
n>3, and let E,_, and E,_, be Einstein hypersurfaces which correspond by the
mapping and which do not contain the fixed vector of Theorem 2.1. Then E,
and E._, have indeterminate lines of curvature.

9. The hypersurfaces ¢ =const. For the conformal transformation (2.3),
the hypersurfaces ¢ =const. play a special role. The mapping of these hyper-
surfaces in V, and V,, respectively, upon each other is simply a change in
scale. We investigate the conditions under which the normal to o = const. may
be an H-direction of the corresponding family of conformal geodesics of V..
We obtain the following results:

* For a proof of this statement, cf. A. Fialkow, The Riemannian curvature of a hypersurface,
Bulletin of the American Mathematical Society, vol. 44 (1938), pp. 256-257.
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THEOREM 9.1, The tangent at a point of V. to a curve of the congruence nor-
mal to the hypersurfaces o = const. is an H-direction of the corresponding family
of conformal geodesics of V , if and only if the curve is not tangent to a null vector
and has zero first curvature at the point.

The proof follows. According to Theorem 3.1 and the hypothesis that
g™ m is an H-direction at a point P of V,, gi™s . is a non-null principal
direction determined by the tensor (4.1) at P. Hence, for a suitable p,

(9. 1) (d,.',' — 0,0,; — pg;,-)o--" =0

at this point, where ¢:¢=g'"g ,. Let* ;A% be n—1 mutually orthogonal con-
gruences of vectors in V, such that

(9.2) g,5 (p))\i = 0.

Differentiating (9.2) covariantly, we obtain

i, i
o5 N + i mhi = 0.

Hence

(9.3) = 0ii (Mot = (N 0ioet

But from (9.1) and (9.2), ¢.;; (»Nio ¢ =0. If we substitute this value in (9.3),
(9.4) @Nii @A @A =0,

where (»\%is a unit vector tangent to ¢-%. It is knownt that (9.4) is the con-
dition that a curve of the congruence whose tangents are ,,)\* have zero first
curvature. This proves one of the statements in the theorem. The converse
may be demonstrated by reversing the steps of the above proof.

We now show that under the conditions of the hypothesis of Theorem 9.1,
the non-null directions of the lines of curvature of the corresponding hyper-
surface o = const. are also H-directions at P. By a change of coordinates we
may write

(9.5) g =z, ‘Ban = = enﬂz(x‘), Enp = 0.
gnﬂ
From (9.5), we find
9.6) 6,,=0, on=1,
H,
.7 Oonp = "—'I'IL'
* In this section the indices p, ¢ have the range 1, 2,- -, n—1.

t Eisenhart, loc. cit., p. 100.
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Since the first curvature of the curve
9.8) x? = const., " = x"
is zero at P,

d?xt dx? dx*

e} 2
ds? +{z,] } ds ds

(9.9)

at this point. According to (9.8),
dxn 1 dx?

ds H ’ ds

From (9.5), (9.10), and (9.9) with =g, we obtain gr<H ,=0. Since the rank
of ||g?9| is n—1, this last equation is equivalent to H ,=0 at P. Hence, from
(9.7), ¢,.p=0. As a consequence of this equation and (9.6),

(9.11) Onp = 0

(9.10)

at the point P.

The principal directions determined by o;; are the vectors \¢ such that
(05i—pgii)\*=0 for suitable p. It follows from (9.5) and (9.11) that the co-
ordinate direction whose parameter is x» is a principal direction determined
by ¢:; and the vectors orthogonal to it which satisfy the equation

(9.12) (0pg — PErIN? = 0

are also H-directions. Since the tensor o.s defined by (8.9) for the hypersur-
face

xe = ye, x™ = const.
is identically zero, (8.12) becomes, after a slight change in notation,
(9.13) 0102087 + en(e.A10)2Qap = 0.

Furthermore, the tensors o;;84 65 and ’.s are, respectively, equal to 7,, and
g»q after a change of notation. Since A;050, it follows from (9.12) and (9.13)
that the principal directions determined by o;; at P other than the normal to
o =const. are also determined by Q.5. Hence they are the directions of the
lines of curvature of o =const. at P.

Conversely, suppose that the directions of the lines of curvature at P of
o =const. are all H-directions of the corresponding family of conformal geo-
desics of V,. Then none of the lines of curvature at P are tangent to null
vectors. In accordance with the theory of principal directions determined by
the tensor Q. it follows that #—1 mutually orthogonal vectors A+ exist
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at P which are tangent to lines of curvature. Hence for a proper value of p,
9.14) (0ii — Pogis) N = 0.

If (yAfis a unit vector normal to o =const. at P and

en = gii mA N, €nPn = Gij A (N,
it follows from (9.14) that
(9.15) (055 — pagii) N (N =0, (045 = pngii) WA @M = 0.

Since the vectors (»Af, ¢ are # mutually orthogonal vectors, it follows from
(9.15) that (0i;—pngi;) mMN =0; so the normal at P is also an H-direction of
the corresponding family of conformal geodesics of V,. This proves the fol-
lowing theorem:

THEOREM 9.2. If the normal at a point to a kypersurface o =const. is an
H-direction of the corresponding family of conformal geodesics of V., the non-
null tangents to the lines of curvature of the hypersurface at the point are also
H-directions. Conversely, if at a point all the tangents to the lines of curvature of
o =const. are H-directions and the normal to the hypersurface at this point is a
non-null vector, then the normal is dlso an H-direction.

In particular, the above two theorems are true at every point of V., only
if the hypersurfaces ¢ =const. are parallel. We note that if a one-parameter
family of hypersurfaces in V, is parallel and its image in V, is also parallel,
the family consists of the hypersurfaces o =const. Since A0 =f(0) if the hy-
persurfaces o = const. are parallel, in accordance with (5.4) it is characteristic
in this case that %, has a constant value on each of these hypersurfaces.

IV. SOME SPECIAL QUESTIONS

10. The Frenet equations and conformal geodesics. The last two equa-
tions of (3.6) are equivalent to
b7 i . bT.' .
(10.1) — @t = eeakiks, — anf =0, r>2,
s ds
where the notation is that used in §3. We show by mathematical induction
that the following equations hold for any velocity system (2.9) (in particular, for
any family of conformal geodesics):

b7 .
Py (0t = eeg - - - epikike - - - kpy,
10.2
wz
wn§ =0, r>2p=0,1,---,n—2.

ds?
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From (3.5) and (10.1), it follows that (10.2) holds for p =0, 1. We assume
that (10.2) holds for p=0,1, - - -, m. Since (b™r:/ds™) m43)£*=0, we find by
covariant differentiation with respect to s and use of (3.1) that

sm+lfi X d™r; . .
(10.3) W 0§ + KS"‘— [— emizkmiz eyt + empakmis mrot] = 0.
From (10.3) and (10.2) with p =m,
dmtir; .
psmt+1 0§’ = e16s - - - empakaika - Rmys,

which is the first equation of (10.2) with p =m+1. Similarly, if we differenti-
ate
' e

psm
covariantly with respect to s and use (3.1), we obtain

pmtir; . e ) ‘
psmHt ik’ + ps™ [— emirkmir mink’ + emtrrtkmires mirenE] = 0.

mi1enft = 0, r>2,

According to (10.2) with p =m, this equation becomes
pmtir;
dsm

(mp14nE =

which is the second equation of (10.2) with p =m+-1. This completes the in-
duction.

We apply these equations to the conformal geodesics of V, and V, which
are the images of the geodesics of V, and V,, respectively, under the confor-
mal transformation (2.3). Then (10.2) with » =0, 1 becomes

(10.4) 0. @f = ek, oinE =0,
b . do s .
(10.5) — @ = ereskiks, — anf =0, r>2,
bs bs
for V,and
(10.6) (— 0).i @F = &k, (—0)imE =0,
(—o) -, .. (—a)s -
(10.7) o @ = éékiks, os ant* = 0, r>2,

for V,, where a notation analogous to that for V, is used. If 4,&¢is chosen as
corresponding to (,,£° at a point P,
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(10.8) (l)gi = ¢ ',
and it follows from (3.3), (10.4), and (10.6) that at P,
@F = e @f, ki= — ek

From (2.5) and (10.8)

0(— a).i bo.¢ d
(10.9) (= ). =~ e“'[ i 2 ‘—;a.s + A (1)&].
s

b3 bs
It follows from (3.3), (10.5), (10.7), and (10.9) that at P

®E = e oF, ks = eks.

11. Similar families of conformal geodesics. The families of conformal
geodesics in V,, which correspond to the transformations (2.3) and
(11.1) ds' = #@ds,  f(s) # 0,
where f'(¢) =df/do are called similar families of conformal geodesics. We de-
note these families by {C} and {C}’, respectively. The equations analogous
to (10.4) and (10.5) obtaining for {C}’ are

[£(0)].c ¥ = el ki, [7()].c & =0,
11.2 ) i b .

(11.2) 7], W = elel bl kL, [f(0)].s
s s

The notation in these equations is analogous to that employed in (10.4) and
(10.5), the prime referring to {C}’. We consider curves of the two families
which are tangent at a point so that ay£'¢= )&%. Since

d[f@)].:
ds

it follows from (3.3), (10.4), (10.5), and (11.2) that
@t = @f, @ = @, ki = f'(o)k, ki = ks

at the point. Hence the ratio of the first curvatures of tangent curves of {C}
and {C}’ at a point is independent of their common initial direction. We also
have the following theorem:

amnEi =0, r> 2.

do do ;
[f(@)].s = f(0)os, = /"0) 2 os+ 1@ 2,
s ds

TraEOREM 11.1. All similar conformal geodesics which are tangent at a point
of V. have the same first and second normals and second curvatures at the point.

In accordance with Theorem 3.1, the H-directions of {C}’ are determined
by the tensor fi;=[f(¢)].:;i— [f(e)],:[f(¢)],;- From this equation and (4.1),
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(11.3) fii = f(@)asi + [f"(0) — f2(0) + f(0)]o.i0 ;.

We first assume that f'' —f'24f’5£0 and f'>0 at a point P. It follows from
(11.3) and the remarks below (4.3) that an H-direction of {C} at P coincides
with an H-direction of {C}’ if and only if it is a principal direction deter-
mined by the tensor ¢, ;. But, if* Ao 0, these principal directions are o ;
and all vectors A¢ such that Ao ;=0. Of course, the A* all lie in the tangent
vector spaces of the hypersurfaces o =const. If one of these vectors A*is an
H-direction of {C} and therefore of {C}’, it follows from the second italicized
statement below Theorem 8.2 that \¢ is tangent to a line of curvature of the
hypersurface ¢ = const. passing through P. If ¢ ; is a common H-direction of
{C} and {C}’, it follows from Theorem 9.2 that the remaining common
H-directions are the tangents of the lines of curvature of ¢ =const. at P. If
the hypersurfaces o =const. are parallel, this last situation is realized through-
out the space.
If

(11.4) = =0

and f'#0 at P, {C} and {C}’ have the same H-directions at this point.
If (11.4) holds throughout V,, it follows easily that

c1€?

y

(11.5) ¢ =
1 — coe”
where ¢; and ¢; are constants such that the right-hand member of (11.5) is
positive. From (2.3), (11.1), and (11.5) we find that
(11.6) AL b c0
' ds  ds ' ds T
is equivalent to (11.5).
If f/ =0 at P, the H-directions of {C}’ at this point are either all directions
oro,;and all vectors A*such that No,; =0 according as f' —f'?+f' does or does
not equal zero at P. Some of these results are stated in the next theorem:

THEOREM 11.2. If the hypersurfaces o =const. are nonparallel, the similar
families of conformal geodesics of V. which are the images of the geodesics of V.,
and V. will have the same congruences of H-directions if and only if
a/ds=>b/d5+c/ds’, where a, b (#0), and ¢ (#0) are constants.

* If Aie=0 at P, o ¢ is tangent to a null vector. In this case it is easy to show that thereisa
unique null vector »* which is not orthogonal to ¢,; and that any vector which lies in the linear vector
space determined by »* and all unit vectors normal to ¢,; is a principal direction determined by
g,i0,i, and conversely.
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As an illustration of the above discussion as well as for its own interest,
we consider the following question: What curves in V, have principal nor-
mals equal to the principal normals of their conformal images in V, under the
mapping (2.3)?* According to the hypothesis and (2.4),

(11.7) B = e~u,

where u? and a‘ are the principal normals of the curve in V, and V,, respec-
tively. From (2.7) and (11.7), any curve whose principal normal is invariant
under (2.3) satisfies the equationt

€c,m

(11'8) I‘i = (gim - CE"E"‘), o # 0)

1—¢
where £iis the unit tangent. Hence the curves whose principal normals are in-
variant under (2.3) form a family of conformal geodesics similar to the conformal
geodesics (2.8) corresponding to the given transformation. Let (11.8) be the im-
ages of the geodesics of V! (determined except for a magnification). Then the
induced mapping between V, and V! is of the form (11.1) where

(11.9) &@ =gqe"/(e" — 1), ¢>0,a>0; & =gae’/(1 —¢), 0 <0,a>0.

For the region of the coordinate space in which ¢ >0, we investigate the
curves whose principal normalsin V, and V.| are equal under the transforma-
tion between these spaces. According to the preceding discussion, these curves
are the conformal images of the geodesics of a V,//. From (11.9), the mapping
of V.’ on V,isds'' =eF(@ds, where

bae’
[(@— Der + 1]
Of course, F(s) =f(f(¢)) except for a magnification of V,’. The conformal
correspondence associated with (11.10) will coincide with (2.3) and V!’ with

V.if and only if =1, b=1. In this case, V! is uniquely determined by (2.3)
and from (11.9) the mapping of V,/ on V, is given by

(11.10) F@ = b> 0.

(11.11) ds' = ds, a>0.

e —1

Conversely, (11.11) uniquely determines V, and (2.3). This proves the fol-
lowing theorem:

* Curves whose principal normals correspond (but not necessarily with invariant first curvatures)
have been considered by V. Modesitt, loc. cit., pp. 326-328.

t At points where o=0, the principal normal is invariant if and only if £is tangent to g™o,m.

1 In the region where ¢ <0 we simply interchange the roles of V, and V.
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THEOREM 11.3. Let (2.3) be a conformal transformation between a region of
V. and a region of V. in which ¢ >0. Then there exists a unique Riemann space
V. and a unique conformal mapping (11.11) of V.! on V, such that the images
of the geodesics of V! have equal principal normals in 'V, and V, and the images
of the geodesics of V. have equal principal normals in V., and V...
Corresponding to (11.6), we have
1 1 1

ds ds | ds

It follows from this equation or from the above discussion that if V,, V,,
and V,/ are all subjected to the same conformal transformation,

ds* = e'ds, ds* = e7ds, ds'* = e"ds’,

then the new spaces V¥, 7.}, and V,/* may replace V,, V., and V!, respec-
tively, in Theorem 11.3. This means that the triplet of spaces V,, V,,and V.
is a conformal triplet with respect to the property stated in Theorem 11.3.

If u’¢ is a principal normal of a curve in V,/, the transformation corre-
sponding to (2.7) is

(11.12) W= O — e[f(o)].mlgim — etEm],

where f(o) is defined by (11.9) with a=1. Let 5* and »’¢ represent 2 and '
considered as vectors in V,. Then

(11.13) ¥ o= ermt, V= e @pfi,

For any curve in V, and its conformal images in V, and V./, we obtain from
(2.7), (11.12), and (11.13) that

(11.14) po= 4

In particular, if »’¢=0, then p*=7¢; and if 7°=0, then u*=»"%. These proper-
ties were used to define V,!. For the, geodesics of V,, u*=0. It follows from
(11.14) that the corresponding images of the geodesics of V, in V, and V.,

have equal principal normals oppositely directed.
A simple computation shows that

efii+ &@ai; = 0,

So that the H-directions of the similar families of conformal geodesics (2.8)
and (11.8) coincide. This also follows from the discussion preceding Theorem -
10.2 since (11.9) is of the form (11.5).

12. Conformal transformations with ¢;;=¢g:;. In previous sections, we
have seen that the conformal transformations for which the tensor o;; with ¢
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not constant satisfies (8.21) are of a particularly simple and interesting geo-
metric character. We now show that a very large class of V,’s actually exists
which admit such transformations. If we write Q=¢—7, (8.21) becomes

(12.1) Qi = — ¢Qgi5.
We first investigate the solutions of (12.1) for which
(12.2) Aw#0 or AQ=0.

In this case, the equation
(12.3) g10,8.; =0

admits #»—1 independent solutions* (0. By means of a suitable coordinate
transformation, we obtain

(12.4) »l = %7, Q= x".
It follows from (12.2), (12.3), and (12.4) that

1
(12.5) g =—3%0, g™ = 0.
gﬂ”

In this coordinate system, (12.1) becomes
(12.6) {nlij} = oxngi.

We set i1=n, j=p; i=p, j=q; i=n, j =n successively in (12.6) and use
(12.5). This gives

gnn 98 pq 9gnn
Py = 0’ - %g » Py = QX" gpq, ’}g Py = ¢X"gnn.

From these equations, we find

12.7) ¢ = ¢(x"),
(12.8) gnn = —f2x”¢(x")dx",
(12.9) 8ra = " (x™) hpe(x7).

The k,, are arbitrary functions of the x” only. Hence, a V. admits a solution
of (8.21) and (12.2) if and only if the first fundamental form of V., may be written
as

(12.10) ds? = gpdxPdxe + goadx™,

* In this section, the ranges of the indices p, ¢, r and s, ¢, % are 1, 2,--+, n—1 and
1, 2,- -, n—2, respectively.
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where the gi; satisfy (12.8) and (12.9). Since Ajx"=gn»(x"), the hypersurfaces
o =const. are parallel. It also follows from (12.8) and (12.9)* (or from the
second italicized statement below Theorem 8.2) that these hypersurfaces
have indeterminate lines of curvature.

If (12.1) and (12.2) admit other solutions y independent of x*, it follows
from (12.7) that ¢ = —a, where a is a constant, is a necessary condition. We
set i=n, j=p;i=n, j=n; i=p, j=q successively in (12.6) and use (12.5),
(12.8), and (12.9). As a result, we have

12.11 _— =2 =
( ) dxmdxP 2 JxP dx ’
oy 1 oy dlog g

12.12 —_—— e = g gua
( ) ax™ 2 9x* dx® Ve,

o oY 02 ,
12.13 - r - n = Lo /T
(12.13) a3 (7120} = n | pal = avgrnhsg

where in accordance with (12.8),
(12.14) g™ = ax" + b.
From (12.11), we have
(12.15) ¥ = (g")'2A(x?) + I'(x").
From (12.12) and (12.15), we find

aw d ar a
e + T (log (g»)''%) Fri
Now, by (12.5) and (12.9),

{r] 2a} = g7[pg, s] = anhg™[pg, s = {r| pg}s

where [pg, s]» and {r|pg}s denote the Christoffel symbols of the first and
second kind formed with respect to the form

(12.17) ds? = hpdxPdx9.

r=0.

(12.16)

gﬂﬂ

Of course, (12.17) is the first fundamental form of each of the hypersurfaces
o =const. except for a magnification. Also, {#|pq} = —axg"-h,,. Substitut-
ing these results and (12.14) and (12.15) in (12.13) we have

ar
(12.18) Aipg = [abA + a(gnm)1/2 (I‘ — xn dx”)]hw’

* Cf. Eisenhart, loc. cit., p. 182.
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where the semicolon denotes covariant differentiation with respect to the
form (12.17). If a0, it follows that
dI‘)
= C’
dx™

where ¢ is a constant. It is easily verified that (12.16) is a consequence of
(12.19). If a=0, T' =cix™+cs. In both these cases, I satisfies equations similar
to (12.1) where the covariant differentiation is with respect to the form (12.17).
This shows that the necessary and sufficient condition that the V., whose first
fundamental form is (12.10) admit more than one independent solution of (8.21)
and (12.2) is that ¢ be constant and any hypersurface o =const. admit a non-
constant solution of A;,o=a(BA+c)hp,.
We now investigate the solutions of (8.21) for which

(1220) A10' =0 or A;Q = 0.

(12.19) (g»n)m(r —

We first note that ¢ =0 is a necessary condition for the existence of such solu-
tions. For, according to (12.1), (A1) x =g*/(2,42,; +Q,:Q, ) = —2¢Q02 . As a
consequence of this equation and (12.20), ¢ =0. The equation (12.3) admits
n—2 independent solutions (,8 besides the solution Q. If (.8 is a solution of

(12.21) g0 =1,

the ’s and Q are a set of # independent variables. By means of the coordinate
transformation (12.4) it follows from (12.3) and (12.21) that

(12.22) g =0, g =0, ginbn =1,

These results are equivalent to

(12.23) gsn-1) = 0, gn-1a—1y = 0, Em-1)n = 1.

In this coordinate system, (12.1) becomes (12.6) with ¢ =0. It follows from
(12.22) and (12.23) that (12.6) is equivalent to dg,;/dx*1=0. Hence a V,
admits a nonconstant solution of (8.21) and (12.20) if and only if the first
fundamental form of V., may be written as

ds? = g (x®, x)dxtdat + 2dx™da™ + guadx™ + gadxtdxn.

In conclusion, we note that if 1,@, ®Q, - - -, wQ are independent solu-
tions of (12.1), the most general function of the @’s which is also a solution of
(12.1)is 1 yQ+c2 @+ - - - +¢n mQ+a, where the ¢’s are constants and ¢
is an arbitrary constant or zero according as ¢ is equal to or different from
zero.

BrookLYN COLLEGE,
Brookiyn, N. Y.




